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The method of residuals (see, e.g. {1-31]) is used to solve the problem of estimation when both object and
observations involve noise, and the input determination problem [3-5] is considered. These estimation
problems are solved by minimizing a certain functional, and this in turn involves solving a boundary-value
problem at each instant of time. Depending on the recurrent method used to solve the relevant family of
boundary-value problems, one obtains different representations of optimal non-linear filters for the estimated
quantities. The choice of a specific representation depends on the degree to which the object with whose help
the filter is being designed is well conditioned. A locally optimal filter of a design similar to that of filters for
linear problems is constructed.

The method of residuals has been used to estimate the states and parameters of systems with noisy
observations [6].

i. DESCRIPTION OF THE STATE AND INPUT

Consider a system of differential equations

X' = f(s, X, v) (1.1)

with observations

I

y(s) = @(s, X(5), v(s)), fHHsSs<t (1.2)
The prime denotes differentiation with respect to s; X and y are column vectors with n and m compon-
ents, respectively, the equations of motion depend on an input v = v(s) of dimensions &, and the
approximate equality signs in (1.1) and (1.2) indicate the presence of unknown noise in the object and
in the observations. The problem is to estimate the input v(s), £, < 5 < ¢, on the basis of observations
over the interval [¢, t] and an estimate of the state X(s).

It is assumed that the functions f(s, x, v), 9(s, x, v), and indeed all functions in this paper, are such
that all subsequent operations based on the assumption that the solutions of systems of differential
equations can be extended as functions of time and are differentiable with respect to the initial data
and the parameters are allowed. These requirements are met, for example, by assuming as usual that
f and @ are smooth functions and that f is of bounded growth.

Let us introduce a system with a control u = (v, w)

X' =fis, X, v) + D(s)w (1.3)
and a functional defined on the solutions of system (1.3)
1 - - 17
I == (X(to) - 3)T P(X(19) - D) + 5 1 [() = 9(s, X, 0(s1)T QX3 (5) - @(s, X(5), 0(s)) +
)

+((5) = V()T S(s)(V(5) = T(5)) + wT (s)R(s)W(s)}ds (1.4)
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In both (1.3) and (1.4) w is a column vector with r components and D is an n x r matrix, the # x n matrix
P, the r x r matrix R and the k x k matrix § are positive definite, the m X m matrix Q is positive semi-
definite, x is a known vector. The function v(s), like x for the state X(t,), is an a priori estimate of the
input v(s). The choice of the matrices D, Q and R depends on the available information about the
structure and strength of the noise and P and S depend on the a priori information about the initial

data and the input.

An estimate of the state X(s), f; < s <, based on observations over the interval [#, f] will be denoted
by x4 (x7; will be denoted by x;"). We shall seek it as an optimal trajectory in the sense that it minimizes
the functional (1.4) on solutions of system (1.3).

Note that the controls v and w have different physical meanings: while an optimal control w ensures
that the residual in system (1.1) will be a minimum (in particular, when Eqgs (1.1) hold exactly we put
D, R and w equal to zero), an optimal v is an estimate of the unknown input.

2. RECURRENT SOLUTION OF OPTIMUM PROBLEMS

The following optimal control problem is sufficiently general for the type of problems being con-
sidered here

X' =f(s, X, w) 21)
!

J= %(X(to)—f)TP(X(tO)—f)+f Jo(s, X(s),u(s))ds — min (2.2)
fo

The minimum in (2.2) extends over a certain class of admissible controls. Let us assume that the
functions f(s, x, &) and fy(s, x, u) and the constraints on u are such that a control that maximizes the
Pontryagin function

h(s, x, p, u) = pTf(s, x, u) — fo(s, x, u) = max
can be expressed as a sufficiently smooth function
u = u(s, x, p) (23)
The superposition h(s, x, p, u) of the Pontryagin function with (2.3) is a Hamiltonian function for

problem (2.1), (2.2), which we denote by H(s, x, p). Necessary conditions for an optimum in problem
(2.1), (2.2) can be expressed as a boundary-value problem

X' =f(s, X, u(s, X, p)) = Hy(s, X, p) (24)
P =—f{ (s, X.u(s,X.p))p+ fo_(5, X,u(s, X, p)) = —H, (5, X, p)
p(ty) = P(X(ty)-X), p(t)=0 (2.5)

Here we have used the following notation (which will be used constantly below). Let y(x) be a scalar func-
tion and letz(x) = (z;(x), . . . , ;) be a vector-valued function of k variablesx = (xy, . . . ,x;). Theny, denotes
the column vector (gradient) with components 8y/dx;,j = 1, ..., k, and z, the I X k matrix (Jacobian) with
element &y/&x;,j = 1,...,k,i =1,...,1, at the intersection of the ith row and the jth column.

On the assumption that the optimum problem (2.1), (2.2) is solvable (in connection with the
estimation problem we shall again denote the solution by xj,, £ < s < ¢, and call it an estimate), and
that the boundary-value problem (2.4), (2.5) has a unique solution, the solution will be the component
X of the solution of the latter problem.

As ¢ varies over an interval [fy, £, + T, the problem of finding x; (even for fixed s) involves solving
new boundary-value problems for each ¢. This may be avoided by using a recurrent method to solve a
certain family of boundary-value problems (2.7), and this in turn leads to the construction of a filter,
e.g. for xg, or forx7.
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The following theorem yields a ¢-recurrent method for determining an estimate x,, which is the left
end of an optimal trajectory in problem (2.1), (2.2) (and at the same time the left end of X(s) in the
boundary-value problem (2.4), (2.5)).

Let X(s; x), p(s; x) be the solution of the Cauchy problem for system (2.4) with initial data

X(t) =x, p(tp) =P(x-X) (2.6)
One condition of Theorem 1 is that the matrix p,(t; x), t € [to, tp + T], be non-singular. We note that

since p,(ty; x) = P is invertible, the matrix p,(t; x) is invertible for all ¢ sufficiently close to .

Theorem 1. Suppose that for ¢ € [to, to + T] the matrix p,”'(t; x) exists. Then the estimate x5 is a
solution of the Cauchy problem

A
!0/!

dt

- —p;l (t;xt:;/t )fox (t’ X(t;x;(\)/t ), u(t’ X(t;x,?)/,,O)), x’/(\)/‘O =X (2‘7)

where X(s; x) (together with p(s; x)) is a solution of the Cauchy problem (2.4), (2.6); p,(s; x) (together
with X (s; x)) is a solution of the Cauchy problem for the variational system

X; = Hp, (s, X(s5:x), p(s; X)X, + Hpp (s, X(55%), p(53%)) Py

Py = ~H (5, X(s;x), p(5: X)) X, ~ H,, (5, X(5 %), p(5;%)) Py
Xx(tO;'x) - Inxn’ px(to;x) =P

(2.8)

The proof proceeds by differentiation with respect to ¢ of the identity
t
p(t;x;,,)=0

and of the obvious equality for ¢ = £: X(to) = Xy, = X.

Systems (2.4), (2.6) and (2.8) are used to evaluate the right-hand side of (2.7) when a numerical
method is being used.

To illustrate, let us consider Euler’s method. Let x* be an approximation for x,,. Then K&+ g
found as follows. Solve systems (2.4) and (2.8) in the interval [z, #;] with initial data

X(1)x®,  ptg = P(xP %), X (tg)=1, p,(5)=P
As a result one finds X(z; x®, Piti; x¥), and finally
x50 a x® o A p (1 ) fy (s X85 xD), uty, X (15 x5), 001

Thus, to integrate system (2.7) one has to integrate the systems shown above over time intervals
[t0, #] of increasing length.

Of course, after finding x, an optimal trajectory x, of problem (2.1), (2.2) is found as part of the
solution X(s; x,y,) of system (2.4), and an optimal control g, is determined using (2.3)

gy, = u(s, X (83X 1,), PSi X 1)) = (S, Xy, Py )

We will now consider an equation for x;"= x;; (which we shall call the filter equation).

Theorem 2. The filter equation for x; is
dx [ dt = f(t, %], u(t, x;,0)) - K(t;x,) fo, (8, %, ,u(t, x,0)), x; =X (2.9)

where K(s; x) is a solution of the Cauchy problem
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K' = KH (s, X(s; x), p(s; x))K + KH (s, X(s; x), p(s; x)) +
+ Hp, (s, X(s; x), p(s; X))K + Hp,(s, X(s; x), p(s; X)) (2.10)
K(tp) = P

Proof. Equation (2.9) with K(s; x) = X,(s; x)p, '(s; x) is derived from the identity x,"= X(; x,,), by
using (2.7). Equation (2.10) is obtained by differentiating the relationship K = Xp

Because of (2.10), Eq. (2.9) yields a slightly more economical estimation algorithm than (2.7), (2.4),
(2.6) and (2.8). Indeed, knowing x,” and K{(t; x), one can determine x5, from (2.9) by, for example
Euler’s method. One then integrates (2.4) in the reverse direction with initial data X(t + Af) = x4,
p(t + Ar) = 0. The resulting solution X(s), taken over the interval [to, £, + At], obtaining K(¢ + Ar;
Xu+ar), and this, together with the already known estimate X3 €nables us to proceed to the next step
of the numerical integration of the filter (2.9).

We shall now consider the solution of the problem in Section 1. Problem (1.3), (1.4) is of the class
represented by problem (2.1), (2.2) and may therefore be tackled using the results of this section.
Suppose that by the maximum condition v = v(s, x, p), w = w(s, x, p). Setting up appropriate systems
for X and p, one can then use either Eq. (2.7) for x,, (in which case one needs systems for X, and p,)
or Egs (2.9) for x; and (2.10) for K(z; x;). Having obtained, say, x;, one finds xg, pg, o <s <t as
solutions of a Cauchy problem for a system like (2.4) with initial data at the right end of the interval
[te, ]: X(¢) = x., p(¢) = 0. This solution yields both an optimal estimate x of the state X(s) and an
optimal estimate for the input v(s)

A A A
Ve = U(Sv Xsits px/r)’ t() S 4 (2.11)

based on observations over the interval [z, £].
Let us derive the filter equations for estimating the state of the system in the problem

X' = fis, X), y(s) = C(5)X(s) (2.12)

where, unlike (1.1) and (1.2), the functions f and ¢ are independent of v and, to simplify matters,
the observations are assumed to be linear. In that case, only the vector w remains of the required con-
trol in the optimal control problem (1.3), (1.4). The maximum condition gives w = RY(s)D"(s)p, and
the necessary conditions can be written as the following boundary-value problem

X' =f(s, X) + D(s)R™(s)DT(s)p (2.13)
p' = —f1(s, X)p - CT(£)Q(s)(¥(s) — C(5)X)
plto) = PX(tg) — %), p() =0 (2.14)

The filter equations (2.9) and (2.10) for this problem are

dxA A A A A -
d; = f(t,x, )_ K(f;x,o/‘ )CT(’)Q(I)()’(t) - C(t)xt )’ ' xyo =X (215)
’ T afT
K'=-K|C (s)Q(s)C(s) - a; (s, X(s:x))p(s;x) ¢ | K +
i
+£.(5, X(530)K + KFT (5, X(5:0)) + D(sYR™ (5)D7 () (2.16)
K(tg;x) = P~
The expression in braces in (2.16) is the #» x n matrix whose columns are (af,T/axj)p, j=1,...,n

When there is no noise in the initial object [6], the filter (2.15), (2.16) is simplified: the first equation
in (2.13) is independent of p and the last term drops out of (2.16).
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In the linear case X,(s; x), p.(s; x), K(s; x) does not depend on x. Hence all algorithms are
substantially simplified and the resulting equations (2.9) and (2.10) are just a deterministic version of
the Kalman-Bucy filter.

Let us consider the recurrent determination of the input in greater detail for the following linear
system

X' = A(s)X + B(s)u(s) (2.17)
¥($)= C()X(s) + G(s)v(s), fp<s<t (2.18)

The problem of estimating the state X and the input v is related to the problem of minimizing the
functional (1.4) (with @(s, X, v) replaced by C(s)X(s) + G(s)v(s)) along trajectories of the system

X' = A()X + B(s)v + D(s)w (2.19)

When there are no constraints on v and the equality in (2.19) is exact, the problem with D(s) = 0,
R(s) = 0 and fixed ¢ reduces to that considered in [8].

Problem (2.19), (1.4) may arise, for example, when system (1.1) is linearized in the neighbourhood
of “nominal” values X(ty) = x, v(s) = U(s). The system of equations for the increments AX and Av—
which we may denote by X and v without fear of confusion—takes the form of (2.17), (2.18), and the
quantities x, v in the functional (1.4) will be zeros. Note that even when the initial system (1.1) does
not involve noise (the equality in (1.1) is exact), the equality in the linear approximation system (2.17)
will no longer be exact.

Let us establish the filter equation for problem (2.19), (1.4). The maximum condition yields the
equalities

v = FH(s)(S(s)0(s) + BT (s)p + GT ()Q(s)(¥(5) - C(5)x)) (2.20)
w=RU)DT(s)p, F=5+GTQG
Taking these relationships into account, we find the filter equations to be
dx! | dt = A(t)x! + Bty + KCT (HQy(1) - C(1)x) -G@)v; ), xg =X
up = F7 (XS0 + GT(DQ((y(1) - C(1)x]"))
dK  dt = -KCT(Q- QGF'GTQ)CK +(A-BF'GTQO)K +
+K(AT -CTQGF'B")+ BF'BT + DR''D", K(ty)= P
To look for an estimate xg, #p < s < ¢ (at the same time determining p; also), one must solve the
following system in the reverse direction
X' = A()X + BGsYu(s, X, p) + DR(DT(s)p,  X(0) = x:
p' = -AT(s)p — CT()Q(s)(y(s) - C($)X - G(s)u(s, X, p)), p(1) =0

where v is replaced by the function of (2.20). By (2.11) and (2.20), and estimate v, for the input is
found using the relation

vy = F(s)(S(5)T(s) + BT (5)pg), + G ()Q(s)(¥(5)~ C(s)xly,))

Remark 1. The last term in (2.2) may be any non-linear function which is strictly convex in X(ty).

Remark 2. A previous publication [6] investigated the case in which there is no a priori information about the
initial data (i.e. P = 0) and the case in which some of the components of the initial vector are known exactly. These
problems can also be generalized.
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3. LOCALLY OPTIMAL FILTERS

As already pointed out, implementation of the filter (2.9), (2.10) for non-linear systems involves
repeated calculations. These may be avoided by the device of locally optimal estimation, that is to say,
successive solution of local optimal problems in which the estimate over an interval [¢, ¢ + Ar] is derived
by minimizing the functional

t+Ar

X=X POX@ =X+ [ fols, X(s)u(s))ds 3.1)
t

where x; is the estimate (we have introduced the notation x;’ for the new estimate) obtained up to time
t and P(¢) a specially constructed positive definite matrix, P(ty) = P.

We will now derive an equation for x} and L(f) = P\(t). Let t,.,, = t; + At; x}, L, be approximations
of xp, L(t;) (k =0, 1, .. .), respectively. Solving the minimization problem (3.1) over the interval [t,,
ty + Af], we see that the optimal estimate x;, is equal tox] + O(Af), where

X mxy =% Litg)=Ly=P"
x]v ‘x(\)l +[f(tovx(\)lau(to’x(\)lvo))_LOfOJ(t()’x())I7u(t()1x(;70))]At

The following equality holds for the gain matrix K(ty; x,, )(see (2.10))

Kt 1) = Lo + [LoH (1o, X (203711, ), PUt03 Xy Do +
+L[)Hkp(t0s X(to;xr‘(l,/q )9 P(to;xt\(/,/r, )) + pr(tO’ X(IO;X;(I)MI )
Plto3 Xy 1 Do + H o (80, X(tg3 X 1), P(E0 X1 NIAL + O(A?)

Since X(tg; xi,) = x5 + O(A) and p(ty; x;,) = 0, so that p(ty; x;,) = O(A), it follows that
Kty ) = Ly + O(At%)

where
Ly = Ly +[LoH (19,53 -0 g + Hpy (19,5 .0 g +
+LoH (g, %5.0) + H,, (19, x5, 0)]At
Having calculated xj and L., we proceed to estimate over the interval [t, ¢; + Ar], taking the last term

in (3.1) to be (X(t;) —x})"L™1,(X(t,) —xY) and integrating from #, + At. Proceeding as before, we obtain
a sequence

Xpor =X +[f(t,x; ulty, xy,0))~ Lifo, (8 xi  u(ty, x; ,0))]A2
Ly = Ly +[LiH (8, %, 0) Ly + L H (8, % ,0) +
+H o (6, x4 O)Ly + H (1, %Y, 0)]A
Letting At tend to zero, we obtain a locally optimal filter, expressed as a system of differential equations

dx) I dt = f(t,x] ,u(t,x;,0)) - Lfy (¢, %] ,u(t,x ,u(t,x’,0)), x; =X 3.2)

dL/dt = LH (1,x’,0)L+ LH,,(t,x’,0) +

v v - 3.3
+H, (1,x),0)L+ H,,(t,x;,0), L(ty)=P" (3:3)

We will show that if fy(s, x, u) is convex with respect to the variables (x, «) and strictly convex with
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respect to u, then the solution L(f) of Eq. (3.3) is a positive definite matrix. Indeed, in view of the equality
Hp, = HL, it will suffice to show that the matrices Hy(t, x, 0) and —~H(¢, x, 0) are positive semi-definite.

Let us evaluate —H_(t, x, 0) and H,(¢, x, 0) on the assumption that there are no constraints on the
control u. We have

T T
_Hxx __{ﬂp}_{afx p}ux +f0u +f0x“ux

0x; du,

Hence, forp =0
—H (t,x,0) = fo (¢, x,u(t,x,0)) + fo_ (£, x,u(t,x,0))u,(1,x,0) (4)

Now the maximum condition implies the identity £/p — fo, = 0. Differentiating with respect to x, we get

T T
{ﬂp} + {%‘P}“x - fo,“ - fo,,,,ux =0

ox; du,

whence, putting p = 0, we obtain
u, (£.%,0) = —fo.. (¢, x,u(t,x,00) fo,, (1, x,u(2, x,0)) (3.5)
Substituting (3.5) into (3.4) and taking the equality fo = fgn into consideration, we obtain

-H, (t,x,0)=fy_(t,x,u(tx0))-

A (x5 O) i (1 x50 fo (65,5, ,0) 3.6)

It can be shown that, under our assumptions concerning f;, the matrix on the right of (3.6) is indeed
positive semi-definite.
Similar manipulations yield the equality

H,,(t,x,0) = £, (1, x,u(t,x,0) f5. (t.x,u(t, x, 00 £] (2, x,u(t, x,0))

which, together with (3.6), proves that the gain matrix L(¢) is indeed positive definite when there are
no constraints on the control.

It can be proved that, even when constraints are imposed on the control (assuming, of course, as
before, that the function u(s, x, p) is sufficiently smooth), the matrix L(z) will still be positive definite.

To implement the filter (3.2), (3.3), unlike the optimal filter, it is no longer necessary to perform
repeated calculations or to store all a priori information about observations. This filter is of the same
dimensions as a linear filter. However, the gain matrix cannot be evaluated in advance: it depends on
the current estimate x;, i.e. in the final analysis, on the observations.

It should be noted that, in the case of a linear system with quadratic objective function, the above
procedure of locally optimal estimation yields an optimal estimate.

The locally optimal filter corresponding to the filter (2.15), (2.16) has the form

dx) 1 dt = f(t,x') + LCT(OQ((t) - C(t)x ), x! =% (3.7)

‘o
dL/ dt = -LCT ())Q(1)C(t)L + f,(t,x) )L + (3.8)
+LfT(t,x) )+ DOR(1)DT (1), L(ty) = P!

A construction similar to (3.7), (3.8) was obtained when designing an approximate non-linear filter
in the stochastic estimation problem (see [9]).
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4. DIFFERENT REPRESENTATION OF FILTERS

For simplicity, we will confine our attention to estimating the state of a system (2.12) in which the
filter is defined by Eq. (2.15). The basic object in constructing this filter is the solution X(s; x), p(s; x)
of the Cauchy problem for system (2.13) with initial data at the left end of the interval [t,, #]: X(¢p) =

X, p(t()) = P(x _i)

We shall associate the construction of the filter with another Cauchy problem for system (2.13). Let
X(s; t,x), p(s; t, x) denote the solution of (2.13) with initial data at the right end of the interval [fo, t]:
X(#) = x, p(t) = 0. We obtain the following equation for the desired estimate x = x;”

i
pleo:t, x) ym P(X(tg;8, % ) - %) 4.1)

which implies the following theorem.

Theorem 3. Suppose that for f € [ty, ty + T] the matrix (PX,(tg; t, x) — p,{to; ¢, x))™* exists. Then an
estimate x;” of the state X(f) in system (2.12) which is optimal in problem (1.3), {1.4) is a solution of
the Cauchy problem

dx} [ dt = —(PX, (to:t,x}) - p, (o3t XM N (PX, (138, % ) -
=p (it X)) Xy =X (4.2)

where the matrices X,(s; ¢, x) p,(s; ¢, x) satisfy the system of variational equations (2.8) with
H(s, x, p) = pT(f(s, X) + D(S)R(SHDT(5)p) — ((s) — C(xY Q(s)(¥(s) ~ C(s)x) 4.3)
and initial data
Xtit, x)=1, pdt;¢,x)=0 44
The vectors X,(s; £, x) p,(s; t, x) satisfy the system of equations
X/ =H,X +Hyp, pi=-H,X —H,p, 4.5)
with initial data

X6 6, x)=-Atx), ptt, %)= CTOROGE) - C(Ox) (4.6)

One condition of Theorem 3 is that the matrix PX (t,5; ¢, x) — p(tg; ¢, x) must be non-singular for
t € [ty; top +T]. Note that as the matrix PX,(to; fo, X) — p{to; to, X) = P is invertible, the same is true for
all 7 sufficiently close to .

It may turn out that the Cauchy problems for system (2.13) with initial data at the left and the right
ends of the interval are ill posed (this happens, for example, with long time intervals when the initial
system (2.12) is asymptotically stable). In that case a more natural choice for the basic object of the
construction is a suitable boundary-value problem.

For example, consider the boundary-value problem for system (2.13) with boundary conditions

X(tg)=x, p(t)=0 (4.7)

Denote the solution by X(s; ¢, x), p(s; £, x). It should be noted that the notation for the solution always
involves only the arguments to be varied, but the meaning may be different: whereas in (4.1), (4.2)
X(s; t, x), p(s; t, x) denotes a solution of the Cauchy problem for system (2.13) with X(¢) = x, p(t) = 0,
here the same notation stands for a solution of the boundary-value problem (2.13), (4.7).

Theorem 4. Suppose that for t € [ty; g +7] the matrix (P — p,(to; 1, x)‘l) exists. Then an optimal
estimate x, for the initial state X(#) in system (2.12) satisfies the Cauchy problem
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tglr /dt= (P_px(to;t’xl:\)/t))_’ p,(to;t,x,’(‘),,), xt:\)/l(, =-X (4.8

where p.(s; t, x) (together with X,(s; ¢, x)) is a solution of the following boundary-value problem for
system (2.8), (4.3)

X(to; 6, x)=1, pft;6,x)=0 (4.9)

and p(s; £, x) (together with X/(s; ¢, x)) is a solution of the following boundary-value problem for system
(4.5), (43)

X{tg; £, x) =0, pdt; 1, x) = CTOQN(1) - C()X(2; 1, X)) (4.10)
The proof is obtained by differentiating the following identity with respect to ¢
H
P(x,:;/, - f)lp(to;t,x,'(;,,)

One possible procedure for constructing the filter (4.8) is as follows. Knowing x,, and a solution
X(s; t, xi0), P(5; 1, X1y) find (say, by differential or difference pivotal condensation methods) solutions
X,(5; t, xpr), Pi(53 8, X1y) and X(s; £, x;y), Po(S; 2, Xryye) Of the linear boundary-value problems (2.8), (4.3),
(4.9) and (4.5), (4.3), (4.10) with x = x,, for ty < s <. Then, having selected a stepsize At for the time,
use Euler’s method to derive x=x, ., from (4.8) accurate to within O(A?) at each step. Put Ax]=
X+ ar — Xy Then we can write

X(S;t+ At,x',(\)/,,'_m) = X(S;t,x,:;/,)'f' Xr(S;t"x;(\,/l)At +

+X, (s;,x0 VA +O(AF), to<s<1

An analogous relationship will hold for p(s; ¢ + Af, x;+a). The solution obtained in the interval
[0, t] may then be continued to the interval [y, ¢ + At], e.g. by solving the Cauchy problem in the short
time interval [t, ¢ + A ¢t]. This gives X j4a, X(5; 8 + A, x40 n), P(S; t + Al Xppia), to < 5 <t + A, from
which one can now proceed to the next step.

To avoid the accumulation of errors, one must take measures (e.g. by Newton’s method) to improve
the solution of the boundary-value problem (2.13), (2.14) after every few steps.

Note that when there is no noise in system (2.12), the boundary-value problems just considered
reduce, thanks to the fact that X is independent of p, to successive Cauchy problems: from left to right
for X, and then from right to left for p.

Besides the filter representations already mentioned, there are many others. For example, if the
basic object is taken to be a boundary-value problem for (2.13) with boundary conditions for X at the
left and right ends, then the original boundary conditions (2.14) yield 2 identities for the ¢-recurrent
determination of x;; and x;". In principle, any boundary-value problem for (2.13) that is consistent with
the original boundary conditions (2.14) may be used. Such a boundary-value problem may contain k,
0 < k < 2n, unknowns, relative to which one can always derive from (2.14) k identities (as functions
of £). The result will be a certain representation of the filter.

Let us consider the filter obtained by letting the basic object be the boundary-value problem (2.13),
(2.14) itself. In that case k = 0 and the solution X(s; ¢), p(s; t), tp < s < t depends only on ¢. Clearly,
Xg = X(s; 1)

Theorem 5. The equation of the filter for x;” is
dx] Idt=f(t,x})+ X, (;t), x5 =X (4.11)
where X(s; t), p(s; 1), 1o < s < ¢ is a solution of system (4.5), (4.3) with boundary conditions

pits; ) = PX{t; B, pdt 0 = CTHQ@H(1) - COX(E 1) (4.12)
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The proof (as in the previous theorems) follows from the identity x;” = X{(¢; 1).

If the criterion is the number of dimensions of the auxiliary system of differential equations needed
to formulate the characteristics of the filter, the most rational choice for the basic object is indeed the
original problem (2.13), (2.14).

We mention, as an example, that the characteristics of a filter have been formulated on the basis of
a solution X(s; t, ¢), p(s; t, ¢) of a boundary-value problem for system (2.13) with boundary conditions
p(to) = P(X(ty) — x), p(t) = c [1, 2]. This problem, unlike those considered here, is not consistent (if
¢ # 0) with the boundary conditions of the initial problem, and the construction of the filter requires
a knowledge not only of X, p,, but also of X, p..

Remark 3. The question of which filter representation to choose depends on the specific features of the
problem. It would seem that the recommendations depend essentially on the exponential dichotomy property of
the system.

Here ([6], see also [1-3]) we have used a priori information on the state at the initial time. Such information
does not always regularize the estimation problem (an example is the equationx” = a* for large a). In such cases
one naturally appeals to additional information about the boundary conditions. This approach yields different
estimation algorithms, which also admit of a variety of filter representations. Of course, the questions touched
upon in this remark require special investigation.

5. NUMERICAL EXPERIMENTS

As (1.1) and (1.2), consider the system

X =AX(4-X?), A>0 5.1)
&) =X(s), fg=s=1t )

(Eq. (5.1) is the equation for the first approximation of the amplitude in a solution of Van der Pol’s equation).
Taking D(s) = 1, @(s) = 1, R(s) = 1 in (1.3) and (1.4), one finds the optimal estimate for X(s) by solving the
following boundary-value problem (see Section 2)

X =AX@4-XD) +p, (52
P’ ==N4 - 3X%)p — ((s) - X)
pltg) = P(X(tg)— X ), p(©y=0

We will write two representations of the filter, deriving from different basic objects. In the first case we use
Cauchy problems. The filter will be

(5.3)

dxg ! dt = p;l(t;x,'(‘)/,)(y(r)— X(t5x1,)) (5.4)
x; = X(txg0,)

Implementation of this filter involves the solution of initial-value problems (see Section 2) in intervals [£y, ], £y <
t < T, of increasing length for system (5.2) and the variational system

X, =A4-3XH)X, +p, (5.5
Py =(1+6AX,)X, -M4-3X?)p,

The second filter derives from the boundary-value problem (5.2), (5.3); it has the form
dx} 1 dt=Mxf (4= (60 Y2+ X (B0, xp 1y = X(0g30) (5.6)
To implement (5.6) one has to solve an auxiliary linear boundary-value problem (see Section 4) for the system

X! =MA4=3X*)X, +p,, pj=(1+6MX,)X,~A(4-3X%)p, (5.7)



The construction of filters in non-linear deterministic systems 981

Table 1
A A=01 0.5 1.0
2,310 1.986 1.591
0.1 2.312 2.010 2.000
2.309 2.010 2.000
2.320 1.836 1.141
0.5 2.329 2.011 2.000
2325 2.010 2.000

in intervals Jt,, t] of increasing length, and a Cauchy problem for (5.2) in the intervals [z, 1 + Ar]. Note that the
initial-value problem for system (5.2), (5.5) is computationally unstable (even for relatively small A > 0, while the
boundary-value probiem for system (5.7) is stable. Although the exact solutions of the equations of different filters
yield the same optimal estimates, the results of numerical integration may differ considerably.

The numerical experiments were carried out with X(¢g) = 3,x = 3(1 + A), 0 < s < 1; the noise in both system
and observations was a sum of high-frequency oscillations.

Table 1 gives experimental results for different A and A, compared with the optimal estimate. The optimal
estimate x;” was calculated using highly accurate methods with a small step size in numerical integration.
Implementation of the filters (5.4) and (5.6) involved solving Cauchy problems using Euler’s method. The linear
boundary-value problem for (5.7) was solved by the difference pivotal condensation method. The first row in
Table 1 gives results for the filter (5.4) for each A value, and the second, for the filter (5.6). The third row presents
the optimal estimate.

Analysis of the numerical results showed that for small values of the parameter A (see A = 0.1) both algorithms
give similar values of the estimate, irrespective of errors in the system and the observations, or of the closeness of
the a priori value x to X(#y). As A increases (see A = 0.5) the instability of the initial problems is amplified, affecting
the quality of the numerical solution of (5.4), especially at distant x values. For certain A values (see A = 1.0)
application of the first filter makes the numerical value of the estimate deviate substantially from the optimal
estimatex, even over short observation intervals. At the same time, the numerical solution relying on a boundary-
value problem yields a nearly optimal estimate.

The optimal estimate x,, of the initial state X(#) in this experiment levelled off quite quickly. In the numerical
implementation of the filter, the estimate for X{(zy) may only deteriorate in quality as the observation interval
becomes longer, owing to computation errors. The effect is more marked in relation to the numerical integration
of the first filter. The influence of computation errors appears even in fairly short intervals if A is increased.

Thus, in system (5.1), the second filter representation (5.6) is more satisfactory from the point of view of
computation.

Note that in all experiments with this example, a locally optimal filter gives an estimate x; near the optimal
estimate x;.

We wish to thank B. I. Anan’yev and A. V. Kryazhimskii for discussing this work.
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